Note: In this problem set, expressions in green cells match corresponding expressions in the
text answers.

Clear["Global™ *"]

1 - 8 Polar Form
Represent in polar form and graph in the complex plane as in Fig. 325.

1. 1+1

Clear["Global  x"]

z=1+1

l1+1

(*ComplexToPolar([z_]/;zeComplexes:=Abs[z] Exp[i Arg[z]]=*)
dd = Abs[z]; ee = Arg[z];
ComplexToPolar[dd_, ee_] := HoldForm[dd (Cos[ee] + i Sin[ee])]

ComplexToPolar[dd, ee]
ﬁ(COS[;l] +isin[;—r])

PolarPlot[\ﬁfv {6, }' 2772337}’ Imagesize->l30]

1.0
08F
06}
04f

0.2

02 04 06 08 10

An extra plot thrown in (above) just to show something in polar coordinates.
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ListPlot [FromPolarCoordinates [{{dd, ee}}],
AspectRatio -» Automatic, ImageSize » 200, AxesLabel -» {Re, I},

Epilog » {Red, Line[{{0, O}, {1, 1}}], Text["r:«/z_,e=;—r", {1.1, 0.45}]}]

i

20

0.5

I reluctantly convert away from polar coordinates to cartesian, due to a shortcoming in
Mathematica plotting capabilities, or to my ignorance.

3. 21,-21
z=21
21
dd = Abs[z]; ee = Arg[z];
ComplexToPolar[dd_, ee_] := HoldForm[dd (Cos[ee] + i Sin[ee])]

ComplexToPolar[dd, ee]

z(cos[’z-’]+isin[’2-‘])

ListPlot[FromPolarCoordinates[{{dd, ee}}],

AspectRatio-» .7, ImageSize -» 200, AxesLabel » {Re, I},

Epilog - {Red, Line[{{0, 0}, {0, 2}}], Text["r=z,e=;i", {0.5, 1}]}]

i

1 r=2,0=—




dd = Abs[z]; ee = Arg[z];
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ComplexToPolar[dd_, ee_] := Hold[dd (Cos[ee] + i Sin[ee])]

ComplexToPolar[dd, ee]

Hold[z (Cos[— 72_r] + 1 Sin[- 721] )]

ListPlot [FromPolarCoordinates [{{dd, ee}}],
AspectRatio -» .7, ImageSize -» 200, AxesLabel » {Re, I},

T

Epilog » {Red, Line[{{0, 0}, {0, 2}}], Text|["r=2,0==", {0.5, 1}]}]

i

4

3

T
1 r=2,0=—

-1.0 -0.5 0.5 1.0

V2 +1/3
/8 -21i/3

V2 +1/3
) -8 -21/3
Lo VT

5

V4

dd = Abs[z]; ee = Arg[z];

-~ Re

2

ComplexToPolar[dd_, ee_] := HoldForm[dd (Cos[ee] + i Sin[ee])]

ComplexToPolar[dd, ee]

% (Cos[n] + & Sin[rx])

| 3
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ListPlot [FromPolarCoordinates[{{dd, ee}}],
AspectRatio-» .7, ImageSize » 200, AxesLabel » {Re, I}, Epilog >
{Red, Line[{{0, O}, {-0.5, 0}}], Text["r=-0.5,6=xn", {-0.3, 0.3}]11}]
i

101

dd = Abs[z]; ee = Arg[z];
ComplexToPolar[dd_, ee_] := HoldForm[dd (Cos[ee] + i Sin[ee])]

ComplexToPolar[dd, ee]

’ 1+ 7;—2 (Cos [ArcTan[;—r]] + 1 Sin[ArcTan[;—r] ])

ListPlot [FromPolarCoordinates[{{dd, ee}}],
AspectRatio-» .7, ImageSize » 200, AxesLabel » {Re, I}, Epilog >
{Red, Line[{{0, O}, {-0.5, 0}}], Text["r=-0.5,6=xn", {-0.3, 0.3}]1}]
i

101

Re

-1.0[

9 - 14 Principal Argument
Determine the principal value of the argument and graph it as in Fig. 325.

9. -1+1

In Mathematica the Arg function always returns a value between -7 and x, so it is okay to
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just barge ahead with the calculation.
z=-1+1
-1+1
dd = Abs[z]
Nea
ee = Arg[z]
3_7r

4

ListPlot [FromPolarCoordinates [{{dd, ee}}], AspectRatio- 1,
ImageSize -» 200, AxesLabel » {Re, I}, PlotRange -» Automatic, Epilog -»

s n 37rll
{Red, Line[{{0, 0}, {-1, 1}}], Text["r=+/2 ,e:T » {-1.1, 0.5}] }]

i

20+

151

101
3

r=4/2 ,6=— 05F
4

L Re
-2.0 -1.5 -1.0 -0.5

11. 3+41

z1=3+41; 22=3-41;

dd = Abs[z1]
5

ee = Arg[zl]

ArcTan [ ;]

dd2 = Abs [z2]
5
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ee2 = Arg[z2]

-ArcTan [ ;]

ListPlot[FromPolarCoordinates[{{dd, ee}, {dd2, ee2}}], AspectRatio- 1,
ImageSize -» 200, AxesLabel » {Re, I}, PlotRange -» Automatic,
Epilog - {Red, Line[{{O0, O}, {3, 4}}], Line[{{0O, O}, {3, -4}}],

4 4
Text["r:S,Q:ArcTan(;) ", {4, 2}], Text["r=5,6=—ArcTan(3—) ", {4, -2}]}]

4
2+ r=5,6=ArcTan(—)
3

Re

4
r=5,0=-ArcTan(—)
3

13. (1+1)2°
z=(1+1)2%°
-1024

dd = Abs[z]
1024

ee = Arg[z]

Tt
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ListPlot [FromPolarCoordinates[{{dd, ee}}], AspectRatio-~» 1,
ImageSize -» 200, AxesLabel » {Re, I}, PlotRange -» Automatic, Epilog -
{Red, Line[{{0, O}, {-1024, 0}}], Text["r=1024,06=x", {-600, 0.2}]}]

)

1.0

0.5

r=1024,6=rmt

L L L L Re
-2000 -1500  -1000 -500

-1.0+

15 - 18 Conversion to X + iy

15. 3 (cOsE_n} —JiSin{%frH

23 (cos[>x] -isin[>n])

-31i

17. /8

cos| L x] + 1 51n[ L))

1 1
z=48 (COS[ZN] + isin[zﬂ])
2+21
As can be seen from the two cells above, Mathematica does this section through automatic
simplification.

21 - 27 Roots
Find and graph all roots in the complex plane.

3

21. V1+1

pts = ({Ree#, Ime#n} & /@ (x /. Solve[x®=1+1i]))
{{re[(1+#)¥°], mm[(1+)*]},
{Re[- (-1)*3 (1 +i)¥3], Im[- (-1)*/3 (1 +i)"3]},
{Re[(—1)2/3 (1 +j_)1/3], Im[(_1)2/3 (1 +j.)1/3]}}
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Show[ContourPlot [Abs [x3 - (1+1) ] , {x, -4, 4}, {y, -4, 4}, Contours » 15] ’
Graphics[{{Style[Text[#, #], 11] & /@ #},
{Opacity[.5], Orange, Thickness[.01], Arrow[{{0, O}, #}] & /@ &},
{Red, PointSize[.02], Pointe@#}}, Axes » True, Frame - True,
PlotRangePadding » 1, AspectRatio -» Automatic] &@pts]

4l T T T T T T T T T T T T T T T 7

40 \ , . 1 . . L 1 . . . | . . . |
_4 -2 0 2 4

The above sketch, which is a little confusing, applies to the answer, and its precursor can be
found in the Mathematica documentation on the page “Plot Complex Roots”.

jj = Solve[x3 -1-1==0, x]

{{x-> (1 +2)*3}, {x>-(-1)¥3 (1+4)3}, {x> (-1)¥3 (1 +1)13}}
In order to make the equation easier to work with, I cubed both sides.
x/.3]

{(1 +j_)1/3, _(_1)1/3 (1 +j_)1/3, (_1)2/3 (1 +i)1/3}
ComplexExpand[x3 -1-14/. jj]

{0, 0, 0}

The above cell demonstrates that all of Mathematica's roots work.

minel = N[ (1 + 1)1/3]

1.08422 + 0.290515 1

The green cell above matches the text answer for one root, shown by answer below, ans1.
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6 T JT
ansl =N 2 (Cos — | + 14 Sin| — )
[47 (cos[ 2] +asin[ 27)]
1.08422 + 0.290515 1
ComplexExpand[ (1.0842150814913512" + 0.29051455550725136" 1)3 -1 - 1'1]

-1.+3 (-1. +1. ) + 1.

In the above yellow cell the text’s first answer, ansl1, is proved to be a valid root.
mine2 = N[- (-1)1/3 (1 + 1'1)1/3]

-0.290515 - 1.08422 1

The green cell above matches a root found by the s.m. in a cyan cell, sm3, which does NOT
match a text answer.

9 L. T
ansZ:N[(/Z_ (COS[H]+ISIn[H])]
-0.793701 + 0.290515 1

ComplexExpand [
(-0.7937005259840997" + 0.29051455550725136" )% - 1 - i

-1.+1 (-1. +0.524519 ) -0.299038

In the above brown cell a text answer, ans2, fails to prove as root.

9 . . 97
sm2=N[{/2_ (Cos[;]+nsln[g])]
-0.793701 + 0.793701 1
mine3 = N[ (-1)2/3 (1 +1)%/?]

-0.793701 + 0.793701 1

The green cell above matches a root found by the s.m. in a cyan cell, sm2, which does NOT
match a text answer.

ans3 =N['VZ_ (Cos[ lzzﬂ] + iSin[%])]

-0.290515 + 0.290515 1

ComplexExpand | (-0.2905145555072514" + 0.2905145555072514" 1)% - 1 - i

-1.+1 (-1. +0.0490381 ) +0.0490381
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1 17w

12 ])]

sm3 = N[\G/Z_ (Cos[

-0.290515 -1.08422 1

77 L.
T ]+1$1n[

In the above brown cell a text answer, ans3, fails to prove as root. The answers of the s.m.
in this case show that the text answer omits a vital “k” factor. For example, where ‘17’
shows in two places in the cyan cell above, it applies to only one place in the text answer.

dd = Abs [ComplexExpand [ (1 + i) /3]];

ee = Arg [ComplexExpand[ (1+1) 1/3] ] i

cc = FromPolarCoordinates[{dd, ee}];

dd2 = Abs [ComplexExpand[— (-1)13 (1 + 1) 1/3] ] i
ee2 = Arg [ComplexExpand[ -(-1)¥3 (1 +1) 1/3] ] ;
cc2 = FromPolarCoordinates|[{dd2, ee2}];

dd3 = Abs [ComplexExpand[ (-1)2/3 (1 + 1) 1/3] ] i
cc3 = FromPolarCoordinates[{dd3, ee3}];

ee3 = Arg[ComplexExpand[ (-1)2/3 (1 +1)'/3]];

ListPlot [FromPolarCoordinates[{{dd, ee}, {dd2, ee2}, {dd3, ee3}}],
AspectRatio -» 1.05, ImageSize - 200,
AxesLabel » {Re, I}, PlotRange-» {-1.1, 1.1},
Epilog -» {Red, Line[{{0, 0}, {cc[[1]], cc[[2]]1}}],
Text["r=dd,6=ee", {0.8, 0.4}], Line[{{0, 0}, {cc3[[1]], cc3[[2]]1}}],
Text["r=dd3,0=ee3", {-0.4, 0.85}], Line][
{{0, 0}, {cc2[[1]], cc2[[2]]1}}], Text["r=dd2,0=ee2", {0.1, -1.05}]}]
i
1.0F
. r=dd3,6=ee3

051

r=dd2, 6=ee2
The above sketch resembles the one in the s.m.

3

23. 216
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Clear["Global  *x"]
jj = Solve[x® - 216 == 0, x|
{{x>6}, {x>-6 (-1)23}, {x-6 (-1)2/3}}

x/.373

{6, -6 (_1)1/3, 6 (_1)2/3}

ComplexExpand[x3 - 216 /. jj]
{o, o0, 0}

The above cell demonstrates that all of Mathematica’s roots work.
ComplexExpand [_ 6 (-1) 1/3]

-3-314/3

ComplexExpand[6 (-1)2/3]

-3+314/3

The roots in the green cell above match the answer in the text.

dd = Abs[ComplexExpand[6]];
ee = Arg[ComplexExpand[6]];
cc = FromPolarCoordinates[{dd, ee}];

dd2 = Abs [ComplexExpand[- 6 (-1) 1/3] ] i

ee2 = Arg [ComplexExpand[— 6 (-1) 1/3] ] ;
cc2 = FromPolarCoordinates|[{dd2, ee2}];

dd3 = Abs [ComplexExpand [6 (-1) 2/3] ] 7

ee3 = Arg [ComplexExpand [6 (-1) 2/3] ] ;
cc3 = FromPolarCoordinates[{dd3, ee3}];

| 11
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ListPlot [FromPolarCoordinates[{{dd, ee}, {dd2, ee2}, {dd3, ee3}}],

AspectRatio -» 1.05, ImageSize » 200, AxesLabel » {Re, I},

PlotRange -» {-6, 6}, Epilog -» {Red, Line[{{0, 0}, {cc[[1]], cc[[2]1]1}}],
Text["r=dd,6=ee", {5, 0.4}], Line[{{0, 0}, {cec3[[1]], cc3[[2]]}}],
Text["r=d4d3,6=ee3", {-1.1, 5}], Line[{{0, O}, {cc2[[1]], cc2[[2]]}}],
Text["r=dd2,6=ee2", {-1.1, -5}]}]

i
6 ~
r=dd3,6=eeB
4+t

2+

r=dd,6=ee Re

-2

-2}
4+

r=dd2,6=eep
o

25. /i

Clear["Global  x"]

jj = Solve[x4 -i=0, x]
{{zx>-1v8}, {x-> (-1)¥%}, {x>-(-1)%8}, {x> (-1)%/%}}
x/.33
{_ (_1)1/8, (_1)1/8, _(_1)5/8’ (_1)5/8}
ComplexExpand [x* -4 /. jj]
{0, 0, 0, 0}
The above cell demonstrates that all of Mathematica’s roots work.
hre[k_] = Cos[ = k"] i Sin[~ k7r]
= —+ — | +1 -+ —
- 8 2 8 2

Cos[;—r+ “2_”] +isin[§+ "2_"]

tab = Table[hre[k], {k, 0, 3}]
Tt . . T ] T . T
{Cos[;] +1S1n[§], 1Cos[§] —Sln[;],

-Cos[g] —iSin[g], —iCos[g] +Sin[§]}
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Simplify[
Tt TT T Tt
Table [ComplexExpand[k4 -1, {k, {Cos [ ;] + 1 Sin[ g] , 1 Cos [ g] - Sin[ ;] ,
7T . . T . 7 4 7 v ws [ T
—Cos[;] - I.Sln[g] ’ —nCos[;] + Sln[;] }}] ’ {k, {Cos[;] + 1 Sln[;] ’
, 7T . 7T 7 e 7T ! 7 . 7T
nCos[g] - Sln[;] ’ -Cos[;] - 1Sln[§] , -1 Cos[;] + Sln[g]}}]]
{0, 0, 0, O}
The above cell demonstrates that all of the text’s roots work. According to the Rouché theo-
rem there should be exactly four roots, so these roots must be the same as Mathematica's,
right? To demonstrate, I will convert one of them:
TrigToExp[Cos [ 78—r] +1 Sin[;i] |
e

Simplify[%]
(_1)1/8

On the basis of the above there is green cell above, though the format of individual answers
is not exactly like the answers in the text.

dd = Abs [ComplexExpand |- (-1) /28] ];

ee = Arg[ComplexExpand[- (-1)*/%]];

cc = FromPolarCoordinates[{dd, ee}];
dd2 = Abs [ComplexExpand[ (-1) 1/8] ] ;

ee2 = Arg [ComplexExpand[ (-1) 1/8] ] ;

cc2 = FromPolarCoordinates|[{dd2, ee2}];

. . . T2 w2
: Internalprecisiodimit$MaxExtraPrecision50. reachedwhlIeevaluatlng_og{COS[—] +S|n[—] ] >
8 8

dd3 = Abs [ComplexExpand[— (-1) 5/8] ] 7
ee3 = Arg [ComplexExpand[— (-1) 5/8] ] i

cc3 = FromPolarCoordinates[{dd3, ee3}];

T2 mq2
: InternalprecisioimitfMaxExtraPrecision50." reachedwhiIeevaluating_oqus[—] +Sin[—] ] >
8 8
dd4 = Abs [ComplexExpand[ (-1)5%/8]];

eed = Arg [ComplexExpand[ (-1) 5/8] ] ;
cc4d = FromPolarCoordinates|[{dd4, ee4}];
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ListPlot [FromPolarCoordinates|
{{dd, ee}, {dd2, ee2}, {dd3, ee3}, {dd4, ee4}}], AspectRatio-» 1.1,
ImageSize -» 300, AxesLabel » {Re, I}, PlotRange-» {-1.2, 1.2},
Epilog -» {Red, Line[{{0, 0}, {ec[[1]], ec[[2]]}}],
Text["r=dd,6=ee", {-0.7, -0.4}], Line[{{0, 0}, {cc3[[1]], cc3[[2]1]}}],
Text["r=dd3,6=ee3", {0.6, -0.85}],
Line[{{0, 0}, {cc4[[1]], ccda[[2]]}}],
Text["r=dd4,6=ee4", {-0.6, 0.85}], Line]|
{{0, 0}, {cc2[[1]], cc2[[2]]1}}], Text["r=dd2,6=ee2", {0.7, 0.45}]}]

)

r=dd4,6=ee4

r=dd2,6=ee2

L L L Re

r=dd,f=ee
-0.5+

r=dd3,6=ee3

27. /-1

Clear["Global™ *"]

jj = Solve[x® + 1=0, x|

{tx>-1}, {x-> (-1)5}, {x>-(-1)2%}, {x> (-1)¥5}, {x>-(-1)*5}}

x/.33

{-1, (-1)¥5, - (-1)¥5, (-1)3/5, - (-1)*/5}

ComplexExpand[x5+ 1/. jj]

{0, 0, 0, O, O}

The above cell demonstrates that all of Mathematica’s roots work.
7 R ¢

trl = Cos[;] + nSln[;];

FullSimplify[ComplexExpand[trl]]
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(-1)Y% (% 33[[2]1]%)

7 b4
tr2 =Cos|—| -1 Sin| —|;

2] - asin[Z];
FullSimplify[ComplexExpand[tr2]]

- (-1)*% (x 33[[5]11%)

3 .. 3
tr3=Cos[?] —nsz.n[ .

|E
FullSimplify[ComplexExpand[tr3]]
S(-1)¥5 (x JILI311%)

tra = cos[ 2] +isin[ 7]
FullSimplify[ComplexExpand[trd]]
(-1)¥5 (x JIL1411%)

£r5=-1; (x 33[[111%)

The above five tests find the text’s roots equal to Mathematica's.

dd = Abs[ComplexExpand[-1]];
ee = Arg[ComplexExpand[-1]];
cc = FromPolarCoordinates[{dd, ee}];

dd2 = Abs [ComplexExpand [ (-1)'/5]];

ee2 = Arg [ComplexExpand[ (-1) 1/5] ] ;
cc2 = FromPolarCoordinates|[{dd2, ee2}];

dd3 = Abs [ComplexExpand[- (-1)2/5]];
ee3 = Arg [ComplexExpand[- (-1) 2/5] ] i
cc3 = FromPolarCoordinates[{dd3, ee3}];

dd4 = Abs [ComplexExpand[ (-1) 3/5] ] ;
eed = Arg [ComplexExpand[ (-1) 3/5] ] ;
cc4d = FromPolarCoordinates|[{dd4, ee4}];

dds = Abs [ComplexExpand[— (-1) 4/5] ] 7

ee5 = Arg[ComplexExpand |- (-1)*/5]];
cc5 = FromPolarCoordinates[{dd5, ee5}];
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ListPlot [FromPolarCoordinates|
{{dd, ee}, {dd2, ee2}, {dd3, ee3}, {dd4, eed4}, {dd5, ee5}}],
AspectRatio -» 1.15, ImageSize -» 300, AxesLabel » {Re, I},
PlotRange » {-1.1, 1.1},
Epilog » {Red, Line[{{0, 0}, {ecc[[1]], cc[[2]]1}}],
Text["r=dd,6=ee", {-0.8, -0.1}], Line[{{0, O}, {cc3[[1]], cc3[[2]1]}}1,
Text["r=dd3,6=ee3", {-0.55, -0.9}],
Line[{{0, 0}, {cc4[[1]], cc4[[2]]1}}],
Text["r=dd4,6=ee4", {-0.55, 0.9}],
Line[{{0, 0}, {ce5[[1]], ec5[[2]]1}}],
Text["r=dd5,6=ee5", {0.55, -0.6}], Line[
{{0, 0}, {cc2[[1]], cc2[[2]]}}], Text["r=dd2,0=ee2", {0.55, 0.6}]}]

i

1.0+
r=dd4,6=ee4
r=dd2,6=ee2
1.0 6 5 Re
" r=dd,6=ce ’
-0.5
r=dd5,6=ee5
r=dd3,6=ee3
-1.0f

28 - 31 Equations
Solve and graph the solutions.

29. 22 +z+1-1=0
Clear["Global "]

jj =Solve[z2+z+1-1==0, z]
{{z>-1-1}, {z->1}}

z/.3]
{-1-1, i}
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ComplexExpand[22 +z+1-1/. jj]
{0, 0}

The above cell demonstrates that both of Mathematica’s roots work. The green cell shows
them equal to the text’s.

dd = Abs[ComplexExpand[-1 - 1]];
ee = Arg[ComplexExpand[-1-1]];
cc = FromPolarCoordinates[{dd, ee}];

dd2 = Abs[ComplexExpand[i]];
ee2 = Arg[ComplexExpand[i]];
cc2 = FromPolarCoordinates|[{dd2, ee2}];

ListPlot [FromPolarCoordinates[{{dd, ee}, {dd2, ee2}}],
AspectRatio -» 1.95, ImageSize - 200,
AxesLabel » {Re, I}, PlotRange-» {-1.1, 1.1},
Epilog —» {Red, Line[{{0, 0}, {cc[[1]], ec[[2]]1}}],
Text["r=dd,6=ee”, {-0.8, -1}], Line[{{0, O}, {cc2[[1]], ec2[[2]]}}],
Text["r=dd2,6=ee2", {-0.19, 0.95}]11}]

[)

1.0
r=dd2,6=ee2

0.5

-051

r=dd,6=ee -1.0f

31. z*-6122+16-=
Clear["Global™ *"]

jj =Solve[z4 -6122+16==0, z]
({z>-2-21}, {2>-1+4}, {z2>1-14}, {z>2+21i})}
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z/.3]

(-2-2d, -1+4, 1-4, 2+2i}

ComplexExpand[z4 -612%2+16/. jj]
{0, 0, 0, O}

The above cell demonstrates that all of Mathematica’s roots work. The green cell shows
them equal to the text’s.

dd = Abs[ComplexExpand[-2 -2 1]];
ee = Arg[ComplexExpand[-2 -21]];
cc = FromPolarCoordinates[{dd, ee}];

dd2 = Abs[ComplexExpand[-1 + i]];
ee2 = Arg[ComplexExpand[-1 + 1]];
cc2 = FromPolarCoordinates|[{dd2, ee2}];

dd3 = Abs [ComplexExpand[1l - i]];
ee3 = Arg[ComplexExpand[1l - 1]];
cc3 = FromPolarCoordinates|[{dd3, ee3}];

dd4 = Abs[ComplexExpand[2 + 21]];
ee4d = Arg[ComplexExpand[2 + 21]];
cc4d = FromPolarCoordinates|[{dd4, ee4}];
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ListPlot|
FromPolarCoordinates[{{dd, ee}, {dd2, ee2}, {dd3, ee3}, {dd4, ee4d}}],
AspectRatio » 1, ImageSize » 270, AxesLabel -» {Re, I},
PlotRange » {-2.1, 2.1}, Epilog - {Red,
Line[{{0, O}, {cc[[1]], cc[[2]]}}], Text["r=dd,6=ee", {-1.3, -1.9}],
Line[{{0, 0}, {cc4[[1]], cc4[[2]]}}],
Text["r=d4d4,6=ee4", {1.35, 1.95}],
Line[{{0, 0}, {ce3[[1]], ec3[[2]]1}}],
Text["r=dd3,0=ee3", {1.55, -0.8}],
Line[{{0, 0}, {cc2[[1]], ec2[[2]]}}],
Text["r=d4d2,6=ee2", {-0.3, 0.95}1}]

)

2r r=dd4,6=ee4

r=dd3,6=ee3




